The phenomenon of \tidal{shock relaxation" is de ned and quantitatively estimated. We show that the second order term h( E) 2 i ts , which has usually been neglected in the treatment of tidal shocks is typically far more important than the rst order term h( E)i ts , which has been found by Aguilar, Ostriker & Hut (1988) to be the dominant physical process driving the evolution of the Galactic system of globular clusters. The reason is simply that jv vj, which contributes to the second order term, is usually much larger than j vj 2 , the basis of the rst order term. Near the tidal radius the tidal{shock relaxation term h( E) 2 i ts will accelerate mass loss, and near the half mass radius it competes with the two-body relaxation h( E) 2 i rel in driving the evolution of the internal structure in the cluster. Formulae for the evaluation of the second order term are computed for the idealized case treated by Spitzer (1987) of stars in an harmonic potential. For typical parameters of globular clusters we nd that even at the half mass point, tidal{shock relaxation may be competitive with two-body relaxation.
Introduction
When a stellar system such as a globular cluster in a galaxy or a galaxy in a cluster of galaxies nds itself in a place where externally induced tidal forces, integrated over a short interval, give a sensible momentum to individual stars, the system is said to undergo a tidal shock. An early discussion of this in connection with globular clusters passing through the disk of the Galaxy was presented by Spitzer & Chevalier (1973) and Ostriker, Spitzer & Chevalier (1975) . We will use this work as our model with regard to notation and estimation of parameters. But shocking due to passage by the bulge of the Galaxy is probably the more important phenomenon for most clusters (Aguilar, Ostriker & Hut 1988 , Cherno & Weinberg 1990 ) and an analogous and quite important phenomenon occurs for galaxies shocked by the passage past the central region in massive clusters (for example, Merritt 1988) .
Recently, tidal shocking of globular clusters by the Galactic disk has been discussed by Stiavelli et al. (1991) and Capaccioli et al. (1993) . These authors have argued that disk{shocking can induce the observed correlation between the mass function slope of a globular cluster and its position in the Galaxy. In addition, Hut & Djorgovski (1992) have concluded that a signi cant fraction of Galaxy's globular clusters has been destroyed through evaporation, disk and bulge shocking.
In this paper we show that the second order tidal{shock relaxation term h( E) 2 i ts , which has usually been neglected, is typically far more important than the rst order term h( E)i ts . This is true both in impulse approximation and the harmonic potential approximation, in which adiabatic invariance is taken into account. Furthermore, we show that tidal{shock relaxation competes with the two-body relaxation h( E) 2 i rel all the way from the tidal radius to the half mass radius in driving the evolution of the internal structure in the cluster. 
Impulse Approximation
In the impulse approximation, the velocity change v z passing through the plane of the Galaxy (rotation axis parallel to z) with velocity perpendicular to the plane V is
The star is located a distance jzj from the xy plane of the cluster and g m is the maximum acceleration due to the Galactic disk being transversed, which in the local approximation is
where d is the local surface mass density of the disk.
Assuming that v x and v y remain unchanged, the new velocity of a star is v 0 = v + v z ; from which it directly follows that (v 0 ) 2 = v 2 + 2v v z + ( v z ) 2 . Since, in the impulse approximation, stars do not move during the application of the external force, their potential energy remains unchanged. Hence, the energy gain per unit mass is
Consider the typical case where jv z j j v z j. In a given place v z has a xed direction ( ẑ). Stars moving in that direction will receive a relatively large increase in energy and those moving in the opposite direction a relatively large decrease in energy, but both receive a smaller increase 1 2 j v z j 2 . If the initial velocities v z at some xed z are distributed symmetrically, the v z v z term will vanish, when averaged over all stars at that z.
Before restricting our attention to the lowest two moments, let us consider the general case. We consider Equation (3) at a given place in the cluster, take the nth moment and average over the angular part of the velocity eld to obtain h( E) n i = 
{ 5 { In the derivation above, we assumed the isotropy of the velocity distribution to obtain the ratio of hv n i to hv n z i, hv n i hv n z i = n + 1 n even : 0 n odd ;
The leading term for all moments is proportional to a power in v, the unperturbed velocity, except for the lowest n = 1 moment that is usually retained, which is quadratic in v z . We write out explicitly the rst few moments: 
We see that the stars in a given energy bin will receive a small shift in energy but a large dispersion. Thus, if the bin is near the escape energy, many more stars will be given unbounded orbits due to the dispersive than to the shift terms. Let us substitute Equation (1) into Equation (3) and average over all stars at a given radius (of the assumedly spherical cluster) to obtain 
and so forth. Here we have taken hz 2 i = r 2 =3 and hz 4 i = r 4 =5, in analogy with Equation (5).
We use the subscript ts for tidal shocking, to distinguish it from other mechanisms, such as the two-body relaxation.
Thus the ratio of the di usion term to the square of the linear term is h( E) 2 i ts h Ei 2 ts = hv 2 iV 2 r 2 g 2 m + 9 5 :
{ 6 { Using the virial theorem for both the cluster and the Galaxy, it is easy to show that the ratio is of order M C (r)=M G (R)](R=r) 3 , where M C (r) and M G (R) are the inclosed masses in the cluster and the Galaxy respectively. This, in turn, is of order unity at the tidal radius of the cluster r t , and of order (r t =r h ) 3 at the half mass radius r h . We will present a more precise comparison later, but we can see already that the dispersive term is of the same order as the energy shift term at the tidal boundary of the cluster but is much larger in the interior.
Another instructive preliminary comparison is with ordinary two{body relaxation for which (Spitzer, 1987) h( E) 2 i rel t v rms G 2 m ln ; (9) where , m are density and mean stellar mass at a given z, ln is the Coulomb logarithm and the dimensionless functions are evaluated at the rms velocity. To compare with the di usive tidal shock term we note that there are two shocks per orbital time P orb for disk shocking (but one for bulge shocking) so that the dominant term in Equation (7) becomes h( E) 2 i ts = t v 2 rms r 2 g 2 m =(V 2 P orb ); which can be compared with Equation (9), to give dh( E) 2 i ts =dt dh( E) 2 i rel =dt v rms r 2 g 2 m V 2 P orb G 2 m ln :
This expression is of order (N= ln N)(r h =r t ) 9=2 at the half mass radius. For realistic clusters this ratio is of order unity.
But before attempting to estimate the di usive e ects more precisely, we need to address the issue of the adiabatic invariants. In the inner parts of the cluster, our assumption of the impulse approximation becomes invalid. When the crossing time becomes longer than the orbital period of the stars in the cluster, we expect that the tidal e ects should become negligible.
Harmonic Potential Approximation { 7 {
One can estimate the validity of the impulse approximation by computing the heating within a cluster having a parabolic potential in which all stars oscillate with the same frequency !. The errors induced by this simpli cation are well known. For a recent careful treatment the reader is referred to Weinberg (1994) . We will return to this matter in the discussion section of the paper.
As shown by Spitzer (1987) , the equation of motion for stars in a cluster with an harmonic potential is (11) where d (Z) is the density of the Galactic disk at the cluster center and F(t) is a normalized function representing the time dependence of the gravitational force on the cluster. For a disk with a Gaussian vertical distribution in density, the perturbing force has the following functional form:
where V is the cluster velocity crossing the plane, and H is the scale{height of the disk. It follows that
For convenience we also de ne the parameter 2!H V = !t crossing ; (14) which is the ratio of the disk crossing time to the orbital time of stars in the cluster, and thus represents a measure of the adiabatic invariance.
In Equation (11) is a small dimensionless parameter used in the expansion of z:
{ 8 { where z n = A n cos(!t) + B n sin(!t) :
Equation (11) can be solved by the method of variation of parameters. The reader is referred to Spitzer, 1987 (pages 108{113) for a detailed calculation.
Energy associated with the oscillation is computed from the velocity at z = 0. Vanishing z makes it unnecessary to take into account the speci c contribution of the potential energy. The change in energy per unit mass is 
and the second moment ( E) 2 is simply the square of this expression. 
The ratio hz 4 i=hz 2 i 2 is equal to 9/5, under the assumption that the phases of oscillation in x, y, and z are uncorrelated. Therefore, Equation (23) 
where hz 2 i = r 2 =3 and hz 4 i = r 4 =5 for a spherical shell. The rst of these is Equation (5-28) of Spitzer (1987) ; the second is our new result for the second order term.
Galaxy and Cluster Models
We study the tidal relaxation of globular clusters in the context of the minimal model of a spiral galaxy as described by T oth & Ostriker (1992) , which consists of a round and { 10 { hot halo and a cold disk with a at rotation curve. As a speci c example, we use the Mestel disk with a singular isothermal halo, normalized to the local measurements of the rotation curve and the surface mass density. The halo density and mass pro les are given by
where R is the distance to the Galactic center. Similarly, the disk surface density and mass are given by
For the particular case of Mestel disk, the ratio of disk to total mass is constant
and the circular speed is magically the same as for a spherical distribution
where M G (R) M h (R) + M d (R) is the total mass of Galaxy within radius R.
Vertical acceleration can be computed under the assumption that the region of interest is much smaller than the Galactocentric distance. In that case we take d to be locally constant over the integration volume and nd that
At the solar radius, vertical force per unit mass is approximately g = 2 G d 6:1 10 ?9 cm=s 2 :
The tidal radius of a globular cluster in our Galaxy model can be computed following the calculation of Spitzer (1987) . When the Galactic mass within the radius R increases { 11 { linearly with R, the tidal force is halved from the point mass case, and the tidal radius r t of a cluster with mass M C orbiting at the Galactocentric distance R is
Assuming v rot = 220 km/s, the tidal radius of an M C = 5 10 5 M globular cluster at the Galactocentric distance R = 8:5 kpc is r t 78 pc. The orbital time of the cluster in the Galaxy at the solar radius is T g = 2 R =v rot 2:4 10 8 years.
We adopt two di erent models to describe the cluster, a Plummer sphere and a King model. The former can be treated analytically, and the latter numerically. In both cases, the potential is approximately harmonic out to r h and approximately Keplerian in the outer cluster. We will concentrate on this outer region between r h and r t , where tidal heating loss of stars is expected to be most signi cant. The Plummer model is described by the density law (r) = 3M C =(4 b 3 ) (1+r 2 =b 2 ) ?5=2 ; where b is a parameter with the dimension of length (Binney & Tremaine, 1987) . In this model, half mass radius is r h = 1:30. The radial velocity dispersion of the Plummer model is obtained by taking the moments of the Jeans equations, from which it is straightforward to compute hv 2 r i as a function of radial distance from the center of the cluster, hv 2 r i = GM C =(6b) (1 + r 2 =b 2 ) ?1=2 : Assuming the isotropy of the velocity dispersion tensor, we nd that hv 2 r i = (1=3)hv 2 i = hv 2 z i, where hv 2 i and hv 2 z i are three{dimensional and vertical velocity dispersions at a given r respectively.
Furthermore, we can approximately write down the expression for the orbital frequency assuming that most of the mass is contained within r h . In this case, ! 2 (r) = GM(r) r 3 = GM C b 3 1 (1 + r 2 =b 2 ) 3=2 : (32) We are now in the position to evaluate the ratio of rms increase in energy to the net energy gain per unit mass derived in Sections 1 and 2. In the impulse approximation, this { 12 { ratio is given by Equation (8) 
where we have used Equations (28), (31), (30), and assumed the velocity of the cluster passing through the disk V = v rot cos i, where inclination i is 0 for a polar orbit and =2 for an orbit in the disk plane. Note that near the tidal radius r b, and the ratio is of order unity, but at the half mass radius di usion becomes dominant over heating roughly as (r t =r h ) 3 .
In the harmonic potential model (Equation 24 These two results are compared in Figure 1 for a cluster of the total mass M C = 5 10 5 M , with r t = 78 pc, which gives b = 11:3 pc.
A more realistic and commonly used set of globular cluster models was proposed by King (1966) . These models resemble isothermal spheres at small radii but are nite with a de nite limiting radius. We follow the notation of Binney & Tremaine (1987) , where the models form a simple sequence parametrized by the ratio of relative potential ? + 0 to the central velocity dispersion squared 2 . Equivalently, the sequence can be parametrized in terms of the concentration c log(r t =r 0 ), where r 0 q 9 2 =(4 G 0 ) is the King radius and 0 is the central density. Here we consider a King model with (0)= 2 = 4 at the center, which corresponds to concentration c = 0:84. The tidal radius r t in the King model is de ned as the point where and drop to zero. 
and the angular frequency at large radii is approximately ! 2 (r) = GM(r)=r 3 .
We are still free to choose the radial scale r 0 and the central velocity dispersion . This can be done by xing the total mass of the cluster M C = 5 10 5 M and the tidal radius r t = 78 pc, which yields r 0 = 11:3 pc and = 6:8 km/s. Tidal{shock relaxation for this cluster is depicted in Figure 2 for both impulse and harmonic potential approximations.
Comparison with the Stellar Encounter Di usion Coe cient
It is interesting to see how the tidal{shock relaxation compares with the e ects due to stellar encounters at the half mass radius of the cluster. Before addressing the details, we should note one salient point: tidal{shock relaxation is independent of the stellar mass, whereas normal two{body encounters have a strong mass dependence, leading to mass segregation in the cluster.
The formula for the relaxation di usion coe cient dh( E) 2 i rel =dt is given on p. 37 of Spitzer (1987) :
for the Maxwellian distribution of stellar velocities and volume density of scatterers n. For simplicity, we will assume that the test particle velocity is equal to the eld star rms velocity. Function G(x) is de ned as
where x jv and j 2 3=(2v 2 ). In this expression, v 2 is the mean square three-dimensional velocity of the eld stars. When this velocity is equal to the encounter velocity, x = q 3=2 and G(x)=x 0:166.
{ 14 {
The quantity ? is de ned to be ? 4 G 2 m 2 ln ; (38) where ln is the Coulomb logarithm and it is equal to ln(0:4N) when there are N stars of the same mass m in the system. After substitutions we nd that the relaxation di usion coe cient at the half mass radius equals:
where the root mean square velocity at half mass radius is v 2 h 0:4GNm=r h from virial arguments and the stellar density is h = nm. Since we evaluate relaxation terms at a given position in the cluster, the e ects of the two-body relaxation become negligible at the tidal radius, where the density of scatterers goes to zero. This is apparent in Figure 3 
Taking the ratio of Equation (41) to Equation (39) 
Neglecting for a moment the exponential factor, we see that h may be large. The values of r t =r h range from approximately 4 to 7 for real clusters. In the asymptotic self-similar limit, when tidal evaporation is most important, Lee & Ostriker (1987) nd r h =r t = 1=4:45. Now let us consider in somewhat greater detail the adiabatic protection factor at the half mass radius. The adiabatic protection factor 2! 2 H 2 =V 2 = 27=(4 cos 2 i)(r t =r h ) 3 (H=R) 2 is typically larger than unity, i.e. t sh > P orb at r h . But from Weinberg (1994) 
where we have taken R=H = 20, = 0:33 and r h =r t = 1=4:45. We see that h may be of order unity for a massive cluster.
In Figure 3 we plot the dependence of on cluster radius r for King (solid line) and Plummer (dotted line) models described in the previous section. Both exponential and the inverse square adiabatic protection factors are plotted; the latter is indicated with dots. Tidal{shock relaxation dominates over the two{body relaxation in the outer parts of the cluster and the two become comparable near the half mass radius. The exact position where this happens depends both on the assumed cluster pro le and the form of adiabatic invariance.
Further detailed calculations of the evolution of clusters including the di usive shock term will be required to see exactly how important it is to the overall evolutionary path. Preliminary calculations made to date by Lee & Ostriker (1994) indicate that the time { 16 { required for total evaporation of a post core collapse cluster in the tidal eld will be reduced by a factor of several.
In this paper we have allowed only for disk shocking. According to Aguilar et al. (1988) , bulge shocking is more important, on average, than disk shocking by a moderate factor. This process, which of course is to be treated in the same way as disk shocking, should very e ectively destroy globular clusters in the inner part of the Galaxy when the new di usive term is included.
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